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Time-Consistent Pressure Relaxation Procedure for
Compressible Reduced Navier-Stokes Equations

S. V. Ramakrishnan* and S. G. Rubint
University of Cincinnati, Cincinnati, Ohio

A time-consistent global pressure relaxation procedure for the unsteady, compressible, reduced Navier-Stokes
equations is presented. The shock-capturing capability of the procedure is investigated with different forms of
pressure gradient splitting. An efficient conservative method for capturing shocks is detailed. The transient
behavior of laminar, high Reynolds number, low subsonic flow past a sine-wave airfoil geometry is analyzed us-
ing the new reduced Navier-Stokes-based algorithm. These solutions are compared with steady and unsteady
results previously obtained with a modified interacting boundary-layer procedui‘e. The strong influence of grid
refinement and the type of differencing of the streamwise convection term on the existence or stability of
separated laminar solutions is reaffirmed. More stable turbulent flow results are also presented, Finally, an
unsteady solution for the flow past a finite flat plate at incidence is described in order to demonstrate the time ac-

curacy of the algorithm.

I. Introduction

T is well known that the laminar flow over an airfoil

becomes unsteady for sufficiently large Reynolds number
and/or angle of incidence. Therefore, it is necessary to con-
sider the time-dependent form of the viscous flow equations
in order to study accurately the flow behavior at large
Reynolds numbers. In many cases, the full Navier-Stokes
(NS) equations can be represented with a reduced form (RNS
equations), which can be used to simulate the flow behavior
without any significant loss in accuracy. A discussion of the
applicability and advantages of the RNS equations can be
found in several earlier papers (see, e.g., Refs. 2-4).

In the first part of this paper, the global pressure relaxa-
tion procedure for the steady RNS equations developed by
Rubin and co-workers has been extended to transient flows.
The line relaxation method developed for the steady case’
has been suitably modified, and the Sherman and Morrison
procedure® has been incorporated to yield a time-consistent
and more stable algorithm. The algorithm has been tested
for temporal and spatial consistency in Ref. 7 and is applied
here to study the behavior of laminar, large Reynolds num-
ber, low subsonic flow past a sine-wave airfoil geometry.
This geometry has been examined previously in Ref. 1 with a
modified version of interacting boundary-layer (IBL) theory,
and some of the results obtained in that study have raised
questions of laminar flow stability or breakdown and of the
nature of the large Reynolds number flow behavior. The
purpose of the present study is to investigate whether the
RNS equations provide answers to any of those questions.

The (IBL) results of Rothmayer and Davis' may be sum-
marized as follows. For a given thickness ratio e/c of the air-
foil, the flow is completely attached for values of Reynolds
number R less than a certain value, say R1, which is a func-
tion of e/c. As R is increased past R1, the flow separates
downstream of the maximum thickness point, and the length
of the separated region increases with R. For values of R
larger than R2 (e/c), the steady-state IBL model breaks
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down, i.e., does not converge. Smith showed that this
breakdown is manifested through a slow unsteady process
that occurs within the separation bubble. The term
“unsteady breakdown’’ has been used in the literature to
refer to this behavior. Rothmayer and Davis developed a
quasi-steady interacting boundary-layer model to study this
unsteady behavior. The temporal behavior of the wall-shear
distribution calculated by them was in qualitative agreement
with the results of Smith.® They conjectured that the un-
steady breakdown would eventually lead to massive separa-
tion and that the IBL model was inadequate to capture this
behavior. They introduced the Sychev-Smith® massive
separation model in their calculations and obtained solutions
with infinite eddies. They encountered a range of values of
Reynolds number in which they could obtain multiple solu-
tions, one with a finite and another with an infinite eddy.

The present authors studied the laminar flow past the sine-
wave airfoil geometry in order to assess the applicability of
the present algorithm and to compare the RNS solutions
with the IBL results of Rothmayer and Davis. In particular,
a time-consistent, RNS-based algorithm is applied in the
range of Reynolds number where the IBL method predicts
unsteady breakdown and transition from a finite eddy to an
infinite eddy solution. The present investigation concentrates
on 1) the development of a time-consistent algorithm for the
RNS equations, 2) grid resolution studies to ensure spatial
consistency, 3) analysis of temporal accuracy when the break-
down occurs, and finally, 4) comparison with the IBL results.

For the sake of completeness, some turbulent flow solu-
tions are presented in order to demonstrate that with the in-
troduction of a turbulent closure model, it is possible to ob-
tain steady-state solutions at larger Reynolds numbers than
those representative of laminar flow breakdown. Finally,
unsteady solutions for the flow past a finite flat plate at in-
cidence are also presented to show that the first-order tem-
poral scheme presented here can be used to obtain time-
accurate solutions.

In the second part of this paper, solutions for the steady,
quasi-one-dimensional flow through a convergent-divergent
nozzle with shocks are presented. This study was carried out
with a view to establishing the applicability of the algorithm
for viscous flows with shocks. Three different forms of
pressure gradient splitting have been considered. A novel
method of ‘‘conservative’” pressure gradient splitting, which
is applicable for the entire range of Mach number and which
captures shocks very efficiently, is discussed in some detail.



906 S. V. RAMAKRISHNAN AND S. G. RUBIN

Other shock-captured solutions for airfoils and boattail con-
figurations obtained using the technique discussed in this
paper have been presented by Khosla and Lai!® and Reddy and
Rubin.!

II. Governing Equations

The governing RNS equations in general, orthogonal, cur-
vilinear coordinates are given in Ref. 3. The RNS equations
are obtained from the full NS equations by neglecting the
second derivative (diffusion) terms in the streamwise direc-
tion, as well as all the viscous terms in the normal momen-
tum equation. The energy equation is rediiced to a bound-
ary-layer form with Prandtl number equal to unity. The RNS
system includes the complete Euler equations and all con-
tributions to IBL theory and triple-deck theory and is
therefore more complete than the IBL matching procedure.
On the other hand, both the RNS and IBL approximations
neglect axial diffusion effects. These terms are generally
small for the problems considered here.

Although the algorithm has been developed to solve
unsteady, two-dimensional, compressible RNS equations in
general, orthogonal, curvilinear coordinates, it suffices, for
the purpose of the present discussion, to consider the equa-
tions in a sheared Cartesian coordinate system. The equa-
tions are written as

Continuity:

pe+ (pu)y —yp (x) (pu), + (pv), =0 1
X momentum:
(1), + (pu?); — ¥4 (x) (p1?), + (puv),
= — [y~ ¥} (X)p, ] + (pu,),/R @
Y momentum:
(o), + (puv); —y; (x) (puv), + (pv*), = —p, (3
Energy:
(pH), + (puH); —y, (x} (puH), + (pvH},
_ (=DM
_Wp’ + (uH,),/R “
Equation of state:

pT=(1+7)M%p &)

oo -
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Fig. 1 Convergence rate for the flow over a semi-infinite flat plate;
R=10% M, =0.5.
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where
T=[1+(y—-DOM%/2]H— (y— DMZ (1% +12)/2 6)

Viscosity law:

p=T" (M
Distances have been normalized with respect to a reference
length /*; the velocities, density, temnperature, total en-
thalpy, and coefficient of viscosity are normalized with
respect to their corresponding freestream values; the pressure
p=(p*—pL)/(ptul?), the Reynolds number R = (pul/u)%;
1 is a constant. The superscript (*) refers to dimensional
quantities. The shearing transformation is given by

E=x, n=y—yp{x) (8

where y, (x) describes the body shape.
Boundary conditions:

p(x,y)—1, u(x,y)—uy,, v(xy)—v, as x——oo
py)—1, u(xy)—u, as y—£oo
u(x,0)=v(x,0)=0 on the body
p.(xy)—0 as X———oc;
H(x,y)—1 as x——
H(x,y)—1 as y— =+ and H(x,0)=1 on the body
For symmetric flows conditions at y— — o are replaced by
u,(x,0=0, v(x,00=0, and H,(x0)=0

III. Finite-Difference Algorithm

The difference scheme is developed with the following
discrete grid.

U+D

[

T

J o)
|

°

[

(-1

(i—1) i (i+1)
The continuity and y momentum equations (labeled e and
o, respectively) are centered at (i,j— %) and (i,j+ %),
respectively and the x momentum and energy equations
(labeled o) are centered at (i,j). First-order backward dif-
ferencing is used here to approximate the temporal
derivatives although second-order accuracy is possible with a
slight increase in the memory requirement (see Ref. 7 for
further details and solutions). Ghia et al.'? and Rumsey et
al.!3 have previously presented unsteady solutions with first-
order time-accurate schemes that agree quite well with ex-
perimental data. Hence, for the purpose of the present
analysis, the first-order time-accurate version of the
algorithm is considered adequate. The effects of temporal
step size on the sine wave and a flat-plate geometry are
presented to affirm the applicability of a first-order temporal
scheme.

The £ derivatives, except for p,, are generally approx-
imated by a first-order backward-difference formula; al-
though second-order accuracy is achievable with a deferred
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Fig. 3 Wall-shear distribution; ¢/c=0.052, R=10°.
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Fig. 4 Effect of thickness ratio on wall-shear distribution; R =105,
At =0.00625.

corrector and has been applied for some calculations. In the
separated region, the streamwise convection term in the
streamwise momentum equation is either completely ne-
glected, resulting in the flare approximation, or is approx-
imated by a first-order upwind difference formula with a
second-order deffered corrector. The % derivatives are all ap-
proximated by second-order difference formulas. The dif-
ference scheme and the global pressure relaxation procedure
used here have already been discussed in several earlier
papers (see, e.g., Ref. 11 for further details).

For the difference equations, p; is divided into two parts
in order to reflect the characteristic domain of the governing
RNS system,

pg=wp§’+(1—w)p§ (9a)
or, in the finite-difference form,
(pe)i=w; (P —p;_ )/ AL+ (L— ;) (P —p;) /A8 (9D)

where the superscript b refers to a backward-difference or
hyperbolic-marching-difference approximation and the super-
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Fig. 5 Effect of Reynolds number om wall-shear distribution;
e/c=0.04, Af =0.00625.

script f refers to a forward-difference or elliptic-relaxation-
difference approximation. The parameter w is determined by
the following relation first given by Vigneron et al.* and
discussed further in Refs. 2-4

w=ayM2/[1+(y—1)M?2} for M, =<1
w=a for M,=1 (10)

where M, =u*/a*, a* is the speed of sound and « is a con-
stant such that 0<=a=<1.

The resulting nonlinear finite-difference equations are
quasi-linearized, such that

u(x,y,t)-v(xy,t) =u(xy,t) -v(%y,0) + 0(x,3,8) -u(x,y,1)
—u(x0,1) - 0(x,y,t)

where # and ¢ are approximations to # and v. Similar ex-

pressions can be obtained for other nonlinear quantities. The

above expression is second-order accurate in time when
u(x,y,t)=u(x,y,t—At), v(xyt)=v(xyt—Al)

The quasi-linearized form of the finite-difference equations,

together with the boundary conditions, can be written as

A0y B+ Coydly jo + Dol HE; o7
+F Ol T G Ho N+ 000 =T

i=1,2,..M, j=12,..N (11)
where ¢=[p,u,v]T (T—transpose) and the superscript n
refers to the present time level. The coefficients A;;,
B;;....1;; are (3x 3) matrices, and J;; is a2 (3 x 1) matrix. All
these quantities are functions of ¢, which is an approxima-
tion to ¢" (usually ¢=¢""") used in the quasi-linearization
of the nonlinear terms and the grid parameters. At every grid
point (i,j) except the boundary points, Eq. (11) consists of
the continuity equation at (i,j+ ¥2), the y momentum at
(i,j— ¥5), and the x momentum at (7,7). Equation (11) can be
written in a concise matrix form as

[P+Q]V"=R (12)

where the vector V is given by V=1[p;; u;; v;;]7 for
i=1.2,..M and j=1,2,...N. The matrix Q contains the ex-
plicit or elliptic terms from the streamwise pressure gradient
term and the streamwise convection term in the separated
region; P contains all other implicit or marching terms. The
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Fig. 6 Transient behavior of wall-shear distribution; R=6x10%,
e/c=0.04, At =10.00625.

matrices P and Q are (M:N) X (M-N) block matrices with
(3 X 3) matrices are elements.

In order to apply the Sherman and Morrison® technique to
solve Eq. (12), we approximate this equation with

[P+QV(VP)T/1V"12]V"=R (13)

where V" is an approximation to V", usually 7! and the
superscript T denotes the transpose. As noted earlier, the
matrix Q contains only the terms that result from the for-
ward difference part of the pressure gradient and the (puz)g
term in separated regions. To ensure that Eq. (13) is time-
consistent, we write

n — n —nh —plt
Pi+1,j—(pi+1,j pi-l,j) Di-1,j

and calculate the elements of the matrix Q from the group-
ing (p%,1,—p!_1;). This method of calculating the elements
of Q ensures that Eq. (13) approximates Eq. (12) to first-
order accuracy in time when V7= ¥""! and hence that Eq.
(13) is time-consistent. On the other hand, if the elements of
Q were calculated from pf,,;, consistency in time would be
lost when Eq. (12) is approximated by Eq. (13). This pro-
cedure is discussed in detail for both first- and second-order
time-dependent and three-dimensional marching procedures
in a recent paper by Khosla and Rubin.” It has been
demonstrated in Ref. 7 that, at least for the model problems
considered there, the Sherman and Morrison method does
provide a more efficient and stable algorithm.

Equation (13) can be- solved exactly (see Appendix) to
obtain

Vi=P-'L—[P~1QV" ] (V")TP~'L
{1712+ (V)T [P-1QV™])

Since P is a lower diagonal matrix, P~'L and P~'QV" can
be obtained easily using a marching technique.

It should be mentioned here that Eq. (11) does not include
the energy equation. The energy equation is uncoupled from
the continuity and momentum equations and solved sep-
arately with a line relaxation procedure.

The present code is partially vectorized for the CRAY
XMP-24 computer. The computational speed of the code is
approximately 30 us/grid point/time step. The convergence
rate for the flow over a semi-infinite flat plate with R=10*
and M, =0.5 on a 125x 41 nonuniform clustered Cartesian
grid is shown in Fig. 1. The solution converges to a max-
imum absolute change in pressure of 10~ in less than 200
iterations. The convergence rate drops considerably after 200
iterations owing to the leading-edge singularity. The
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algorithm requires less than 600 iterations to achieve four
orders of magnitude decrease in maximum absolute change
in pressure. In contrast, for this problem, Rumsey et al.'? re-
quire 1500 iterations to achieve the same level of convergence
on a 31x 120 grid. At this level of convergence, a value of
0.6647 is obtained for the quantity C;- (R,)*. This agrees
with the Blasius solution to within 0.1%. With impulsive in-
itial conditions, it is possible to start the computations with a
value of the time increment (A#) such that Ar<35. The initial
limitation on At is due to the discontinuous nature of the im-
pulsive initial conditions. After a few time steps (<50), At
can be increased to any desired value. This shows that,
although the code is developed to solve the unsteady RNS
equations, it is very efficient in solving the steady equations
as well.

IV. Results and Discussion

The algorithm was initially tested for a finite flat-plate
geometry at several Mach numbers. The asymptotic, steady
flow solutions were identical to those obtained with the in-
consistent form of the algorithm presented in previous
studies (see Ref. 5). Further stability studies are also discussed
in Ref. 5.

Flow Past a Sine-Wave Geometry
The geometry used in the calculations is shown Fig. 2

Yy =€¢/4cl1+sin2x (x—¥)] for 0=sx=<1
¥, =0 for 1<x<1.5

Most of the results presented herein are for a freestream
Mach number (M) of 0.1 since comparisons with incom-
pressible IBL results are the primary purpose of the present
study. All the solutions discussed in this section were ob-
tained using a variable grid in the normal direction contain-
ing 50 grid points with a grid spacing of 0.0001 near the
body. The wall-shear distribution for a thickness ratio e/c of
0.052 and a Reynolds number R of 10° are shown in Fig. 3.
Also shown in the same figure is the incompressible wall-
shear distribution obtained using interacting boundary-layer
theory.! It can be seen from this figure that a A¢ of 0.00625
or less is required to calculate the behavior of the separated
region accurately. It should be noted here that the solution
corresponding to A£=0.003125 was calculated only in the
region 0.5<¢(=<1.3; p,u and v at £=0.5 and £=1.3 were
assumed equal to values obtained with Af=0.00625. The
IBL result obtained with a moderate nonuniform mesh is in
closer agreement with the present RNS solution for
AE=0.0125.

The effects of ¢/c and R on the wall-shear distribution are
shown in Figs. 4 and 5. It was not possible to obtain a
steady-state solution for ¢/¢>0.06 at a Reynolds number of
10%, or for R=6x 10° for a thickness ratio of 0.04. This is in
general agreement with the results of Rothmayer and Davis.!
The temporal behavior of the wall-shear distribution for
¢/c=0.04 and R=6x% 10° is shown in Fig. 6. The solution at
t=0 was obtained by linear interpolation from the converged
solution corresponding to Af=0.0125. The negative peak in
the wall-shear distribution increases unboundedly with time
and causes the solution to diverge. Similar results were ob-
tained by Rothmayer and Davis! for ¢/c=0.04 and R =10°%
(Fig. 7). They applied an unsteady version of the interacting
boundary-layer model. A quasi-steady inviscid flow approx-
imation was specified in order to study the unsteady
breakdown of the laminar flow calculations. Since the IBL
approximations are different from those used in deriving the
RNS equations, quantitative agreement between the two
theories will not be exact. The fact that the two theories
agree qualitatively as to the nature of the ‘‘unsteady
breakdown® of the laminar flow calculations provides a
degree of confidence in the validity of both the procedures.
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Fig. 7 Transient behavior of wall-shear distribution obtained from
IBL theory; R=10%, ¢/c=0.04.
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Fig. 8 Effect of flare approximation on the steady-state wall-shear
distribution; ¢/¢=0.01, R=4x10%, Af=0.00625.

To assert the temporal accuracy of the algorithm, a study
of the effect of the temporal step size on the breakdown of
laminar solutions for R=6x%10° was carried out. It was
found that, with At=5x10"* and 10~4, the breakdown oc-
curred at ¢=3.585 and 3.573, respectively, when the con-
verged solution with R=5x 10°> was used as the initial solu-
tion. Every occurrence of breakdown of laminar solutions
was veritified with smaller values of Az to ensure that the
breakdown was not indicative of an inherent temporal step
size limitation in the algorithm.

Figures 3 and 6 demonstrate the effect of grid resolution
on the accuracy of the solution. Significantly, it is possible
to obtain steady solutions at larger Reynolds numbers when
the grid is relatively coarse. It appears that the coarser grid
has a smaller effective Reynolds number or increased
numerical viscosity and therefore ‘‘stabilizes’’ the computa-
tion. But, even on a coarse grid, the laminar flow solution
ultimately fails to converge for sufficiently large values of R.
It should be mentioned here that increasing the spatial ac-
curacy of the algorithm with an explicit differed corrector
for the axial derivatives was verified to have the same effect
as decreasing the grid size.

The effect of the ““flare’” approximation on the solution is
shown in Figs. 8 and 9. From Fig. 8, one can conclude that
the flare approximation underpredicts the negative peak in
the wall-shear distribution. This is not surprising since, for
the case shown in Fig. 8, the negative velocities in the
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Fig. 9 Transient behavior of wall-shear distribution; ¢/c=10.04,
R=7x10°%, At =0.0125.

Fig. 10 Steady-state wall-shear distribution for the flow over a
trough; R=4x10%; M_ =0.

streamwise direction in the recirculation region are not small
enough to justify the dropping of the convection terms in
that region. It is possible to conjecture from the under-
prediction of the negative peak in the wall-shear distribution
that the flare approximation will have a stabilizing, though
possibly erroneous, effect on the calculations. That this is in-
deed the case can be seen from Fig. 9. Although it is possible
to obtain a converged steady-state solution with the flare ap-
proximation, the solution diverges with the complete convec-
tive model. Both the flare approximation and the coarse grid
have two common features: 1) underprediction of the
negative peak in the wall-shear distribution and 2) converged
steady-state solutions even when such solutions may not
exist.

It is appropriate, at this juncture, to say a few words
about some results obtained by Edwards and Carter.!S They
were able to obtain a converged solution for R=4x10° for
the flow over a trough when the flare approximation was ap-
plied. They note in their paper that Veldman'® was unable to
obtain convergence for this case when he used a three-point,
one-sided difference formula for the convection term in the
separated region. The wall-shear distribution, as calculated
by Edwards and Carter, is shown in Fig. 10. The wall-shear
distribution for the flow over a trough appears similar in cer-
tain aspects to that for the flow over a sine-wave airfoil
geometry. Therefore, from our experience with the airfoil
geometry, one might conclude that Edwards and Carter were
able to achieve convergence with R=4x10° only through
the application of the flare approximation in the separated
region.

Rothmayer and Davis! modeled the transition process
from an attached flow to the Sychev-Smith massive separa-
tion behavior’® for two-dimensional, thin airfoils at zero
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Fig. 11 Effect of Reynolds number on wall-shear distribution in
the separated region; ¢/c=0.04; Af=0.0125.
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Fig. 12 Effect of splitter plate on wall-shear distribution;
e/c=0.052, R=105, Af =0.00625.

angle of attack via the IBL approximation. They obtained a
second set of steady-state solutions with this ‘‘massive
separation’> model for some values of e¢/c¢ and R for which
finite eddy solutions had been obtained with the conven-
tional IBL model; i.e., they found that the solution was not
unique in some range of values of ¢/c and R. They also ob-
tained steady solutions with infinite eddies in the range
where divergence of the laminar calculations was en-
countered. In the present study, it has not been possible to
obtain solutions exhibiting massive separation from the RNS
calculations, nor has a trend toward this behavior been
observed as the solution breakdown develops. On the other
hand, the wall-shear distribution shown in Fig. 11 seems to
indicate that the separation bubble has a tendency to bifur-
cate into two bubbles as R is increased. It is possible that the
solution fails to converge because the grid is not sufficiently
fine to resolve this behavior. Further grid refinement studies
are required to resolve this question. On the other hand, it
should be recalled that moderately fine but coarser grids
than are discussed here do lead to stable solutions with a
simple recirculation region. It is evident that the physical
phenomena may be diffused on the one hand for coarser
grids and inadequately resolved or singular on the other
hand for fine grids.

It is possible to conjecture other reasons to explain the
divergence of the laminar calculations at large Reynolds
numbers. On the fine grids, this could be an indication of
the onset of turbulence; the present time-consistent calcula-
tions, however, may not be able to resolve the transition
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Fig. 13 Effect of Mach number on wall-shear distribution;
e/c=0.04.

behavior accurately. Another possibility is that the imposi-
tion of a symmetry condition in the wake region suppresses
the bifurcation of the separation bubble into multiple regions
of recirculation. The eventual development of quasi-steady
multiple vortex patterns or the ultimate shedding of the vor-
tices is therefore suppressed. These could be limiting factors
that result in an unsteady breakdown of the calculation.
Finally, it might also be conjectured that increasing the
length of the splitter plate would prevent shedding and
therefore have a stabilizing effect on the calculation.
However, it was found that extending the splitter plate up to
£=2.5, or even £=3.5, does not prevent the divergence of
the solution or significantly alter the solution. It can be seen
from Fig. 12 that increasing the splitter plate does not have a
large effect on the solution in the separated region.
Therefore, it appears that if it is possible to stabilize the
laminar calculations by increasing the length of the splitter
plate, this will occur for only a very small range of values
of R.

A careful examination of Fig. 9 shows that, except for a
region near the reattachment point, the flow tends toward a
steady-state solution. Since the wall-shear distribution has
large gradients in the vicinity of the reattachment point, one
may tend to argue that the unsteady breakdown encountered
with both RNS and IBL models may be indicative of the
failure of these models under such conditions. But, in a re-
cent study of the same problem with a (linear) direct solver
for the stream-function vorticity form of the incompressible
NS equations, Bender and Khosla!” encountered similar
behavior, though at a slightly larger Reynolds number.
Therefore, the approximations made in RNS and IBL
models affect only the value of the Reynolds number at
which the unsteady breakdown is encountered, and the
unsteady breakdown itself is not the result of the
approximations.

For the sake of completeness, the effect of the freestream
Mach number (M, ) on the wall-shear distribution is shown
in Fig. 13. The negative peak in the wall-shear distribution
increases with M, as does the length of the separated region.

Some turbulent flow calculations were carried out to verify
that the introduction of a turbulent closure model will lead
to steady-state solutions for the range of values of R and e/¢
for which the laminar flow calculations exhibit breakdown.
The solutions obtained from the turbulent flow calculations
confirm this behavior. It has been possible to obtain steady-
state solutions for Reynolds numbers up to 5x106. Tur-
bulent wall-shear distributions for e/c=0.04, R=10% and
e/c=0.16, R=5x10° are shown in Fig. 14. For ¢/c=0.16
and R=5x10%, transition occurs upstream of that cor-
responding to e/c=0.04 and R=10°. The flow is completely
attached at the lower Reynolds number and has a small
separated region at the larger value of R.
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Fig. 14 Turbulent wall-shear distribution.

The turbulent model used here is the Cebeci-Smith!” eddy-
viscosity formulation as modified for a flat-plate near-wake
flow by Cebeci et al.!® To ensure the stability of the calcula-
tions, it was necessary to update the eddy viscosity only
every few time steps. Since only steady-state turbulent flow
calculations have been considered, this has no effect on the
accuracy of the solutions. It was found that at larger
Reynolds numbers, the eddy viscosity had to be updated less
frequently to ensure convergence.

Flow Through a Convergent-Divergent Nozzle with Shocks

The steady inviscid flow through a convergent-divergent
nozzle is used as a model problem to study the shock-
capturing capabilities of the global relaxation RNS pro-
cedure. The effect on the solution of the parameter « in Eq.
(10) is shown in Fig. 15. For large values of «, p, is almost
fully hyperbolic, and hence the downstream or back
pressure, which determines the shock location, has very little
effect on the solution. Therefore, for large values of «, the
influence of the downstream pressure does not propagate as
far upstream as it should. This results in an incorrect move-
ment of the calculated shock toward the exit as « is in-
creased. Small values of o overestimate the effect of the
downstream boundary condition and hence the calculated
shock moves too far upstream as o is decreased. Also, the
shock is more diffused for smaller values of «.

The results obtained with a local «w form of pressure gra-
dient splitting is shown in Fig. 16. In this case, we write

B)i=w; (P) i+ (1w, WF); (14)

The corresponding finite-difference form of the one-
dimensional momentum equation is given by

(D+pu?);— (P+pu?);_; =0

where p;=(1~-w;;1) Pis1+w; 1P The meaning of p is
discussed in detail in Ref. 11. The above equation shows that
the use of Eq. (14) ensures that (p+pu?) is conserved
everywhere. The results obtained using Eq. (14) indicate that
this is a desirable feature. Also, the introduction of w;. in
the momentum equation at i ensures that the “‘elliptic’’ ef-
fect of the downstream pressure will propagate upstream,
even when «=1. Figure 16 shows that this method of
treating the pressure gradient term gives a relatively sharp
shock and also predicts the location of the shock wave quite
accurately. The convergence history for this case is shown in
Fig. 17. The maximum absolute change in pressure decreases
by about five orders of magnitude in 460 iterations. Only
about 350 iterations are required to achieve 104 accuracy in
pressure. The calculations shown in Figs. 15-17 are for a
uniform mesh with Ax=0.01 or 200 grid points.

—-1.0 -—0Q.5 x 0.0 0.5 1.0

Fig. 15 Effect of o on the pressure solution for a convergent-
divergent nozzle.
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Fig. 16 Pressure distribution obtained using local w in pressure gra-
dient splitting; «=20.99.

—3.0 — eqn. (4.2)

Log, o [l3p e

—6.0 eqn. (4.1)

—7.0

T T T T 1
0.0 2.0 4.0 8.0 8.0 10.0
NO. OF ITERATIONS IN 100'S

Fig. 17 Convergence rate for the flow through a convergent-
divergent nozzle.

It should be pointed out here that it is possible to use p as
one of the variables instead of p. This would imply that the
streamwise pressure gradient is approximated, in all cases, by
a backward-difference formula. But, to ensure consistency,
it is necessary to split the (puv), term in the y-momentum
equation (in the case of two-dimensional flows) as

(puv) = w1 (puv) 2 + (1 - w;,  Youv)
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The appearance of the forward or elliptic difference for puv
implies that a downstream boundary condition on v is re-
quired. In fact, a careful examination of the equations shows
that, as before, only a condition on pressure is required at
the "downstream boundary. This alternative method of
treating the elliptic nature of the governing equations
through the velocity v does not appear to have any obvious
advantages over the global pressure relaxation procedure
outlined in this paper and earlier papers by the present
authors. However, the analysis does show the close relation-
ship between the p, term in x momentum equation and the
v, term in y momentum. The elliptic or upstream influence is
eliminated if either term is neglected. For hypersonic flows,
neglecting the v, term is termed thin shock-layer theory; and
neglecting the p, term is termed merged layer theory.

In addition to the two methods of p, differencing discussed
so far [Eq. (9) and (14)], a third type of differencing was
also considered in order to explore the possibility of further
improving the shock-capturing capability of the global RNS
relaxation procedure. In this case, we write p, in a quasi-
divergence form as

(P)i= o) 3+ ([ —w)p] M (15)
The flow through a parabolic convergent-divergent nozzle
was examined. It was found that the finite-difference equa-

tions resulting from Eq. (15) are more sensitive to the value
of « than those employing Eqgs. (9) or (14); i.e., the solution

//——\
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Fig. 18 Pressure distribution obtained using Eq. (15); o=0.45.

-1.0

exact

—2.0 T T T 1
—1.0 —0.5 « 0.0 0.5 1.0

Fig. 19 Pressure distribution obtained using a combination of Eqgs.
(9) and (14), «=0.99.
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diverges for «=0.6 whereas, in the other two cases, any
value of « less than 1 can be prescribed. For 0.45<«<0.6,
the solution oscillates. The pressure distribution obtained
with o =0.45 is shown in Fig. 18. Since « is small, the shock
is more diffused. Also, the pressure distribution has a
““kink’’ in the sonic region. The convergence history for this
case is shown in Fig. 17. The oscillations in the maximum
absolute change in pressure are caused by both the move-
ment of the shock and by the kink in the pressure distribu-
tion in the sonic region. Although Eq. (15) would appear to
simulate divergence or conservation differences better, in
fact, the quantity p+ pu? is not properly conserved as it is
with Eq. (14).

Taylor series expansions of Egs. (14) and (15) show that
the essential difference between the two forms of differenc-
ing arises from the presence of an w,, term in the truncation
error of Eq. (15). Since w, is discontinuous at M=1 (Fig.
18), w,,—o as M—1, and this results in an increased trunca-
tion error and an oscillation in the pressure distribution near
M=1. The amplitude of the oscillation increases with o and
causes the solution to diverge for sufficiently large values of
a<l.

A comparison of Figs. 15 and 16 shows that the first type
of pressure gradient splitting {Eq. (10)] provides a very
good solution in the subsonic region ahead of the throat and
that the second type [Eq. (14)] captures the shock effi-
ciently. Note that both types of pressure gradient splitting
are identical in the supersonic region. Therefore, it would
seem appropriate to employ the first type in the region ahead
of the throat and the second type in the region downstream
of it. The solution obtained from such a calculation (Fig. 19)
shows that this is indeed the best way to treat the pressure
gradient term. ’

Study of the Temporal Accuracy of the Algorithm

Unsteady flow past a finite flat plate at an incidence of 7
deg was used as a model problem for this purpose. The
Reynolds number and the Mach number of the sample
calculation are 10* and 0.3, respectively. The temporal
behavior of the lift coefficient calculated with three different
values of increment in time AT, namely, 0.003, 0.002 and

Table 1 The effect of AT on the unsteady solution

AT (Cp) max (CDmin Strouhal no.
0.0005 0.379 0.313 0.140
0.002 0.377 0.315 0.140
0.003 0.372 0.320 0.140

0.4 —-‘ 005

1= 0.003
U= 0.0095

.2 T T 1
16.0 17.0  TouE 18.0 19‘0

Fig. 20 Transient behavior of the lift coefficient for the flow past a
finite flat plate at incidence; R= 104, M, =0.3, a=7 deg.
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0.0005, is shown in Fig. 20. Numerical values for the max-
imum and minimum values of the lift coefficient and the
Strouhal number averaged over two cycles for these values of
AT are shown in Table 1.

The (C;)max and the (Cp ), values agree to within 2%
and the Strouhal number to within 1%. This simple
numerical experiment shows that it is indeed possible to ob-
tain reasonably accurate solutions with a first-order time-
accurate scheme. One may argue that a second-order time-
accurate scheme will provide the same level of accuracy with
much larger values of AT But a second-order scheme is likely
to have a more severe stability limitation and, thus, the
value of AT that can be used with a second-order scheme
may not be as large as one might expect. More detailed
analysis of the RNS solution for the flow past a finite flat
plate at incidence will be presented in a forthcoming paper
by the authors. '

V. Summary

An algorithm to solve the unsteady, compressible RNS
equations has been presented. The effect of different types
of pressure gradient splitting on the shock-capturing
capability of the global RNS procedure has been illustrated.
The divergence of laminar calculations found earlier by in-
teracting boundary-layer theory for the flow over a sine-
wave airfoil geometry has been studied with the new time-
consistent algorithm. It has been shown that up to a point, it
is possible to obtain, by using either the flare approximation
or a coarse grid, steady-state solutions for values of
Reynolds number and thickness ratios at which steady-state
solutions do not converge on finite grids or on coarse grids
without the flare approximation. For sufficiently fine grids
and large enough R or ¢/c, no steady laminar flow solution
could be obtained. This failure may be associated transi-
tional instability or complex vortex or massive separation
behavior that has not been adequately resolved. Further
study is required. For steady turbulent flow, fully converged
solutions have been presented for an arbitrarily large Reynolds
number. '

Appendix

To solve the matrix equation

[P+ QabT1 V=R (AD

where P, Q, and R are M x N matrices and a, b, and V are
Nx 1 vectors, premultiply Eq. (A1) by P~!. This yields

V+ [P~'QalbTV=P"'R (A2)

Premultiplying Eq. (A2) by b7, solving for (b7V), and
substituting back, we get

V=P 'R— [P 'Qa] [bTP~'R]/{1+bTP 1Qa}
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